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Two-Time Scale Stabilization
of Systems with Output Feedback

Daniel D. Moerder*
Information and Control Systems, Inc., Hampton, Virginia

and
Anthony J. Caliset

Drexel University, Philadelphia, Pennsylvania

The problem of constant-gain output feedback regulator design for linear systems with ill-conditioned
dynamics is considered in the context of singular perturbation theory. A design approach is developed in which
gains can be separately calculated to stabilize reduced-order slow and fast subsystem models. By employing the
notion of combined control and observation spillover suppression, conditions are derived to assure that these
gains will stabilize the full-order sytem, assuming sufficient frequency separation between the slow and fast sub-
systems. An optimal control design procedure is described in which the spillover suppression conditions are
satisfied by adjoining penalty functions to the subsystem performance indices. The theory is demonstated in a
controller design for a flexible space structure.

Introduction

CONSTANT-GAIN output feedback controllers for linear
multivariable systems have an important advantage over

those based on full-state feedback in that they are simple to
implement. Since the system output is typically of lower
dimension than the system state, restricting the control struc-
ture to a linear combination of outputs avoids the need to in-
clude a state observer in the controller. However, this com-
plicates the task of determining linear-quadratic (LQ) optimal
gains. The necessary conditions for the optimal output feed-
back problem result in a system of coupled nonlinear matrix
equations.1 If the design model contains slow and fast modes,
the difficulties in solving these equations are compounded by
the presence of numerical ill-conditioning.

When dealing with large-scale systems, such as modern flex-
ible spacecraft, the high dimensionality and ill-conditioning of
the state matrix motivate the use of model order reduction
schemes for making the control design problem tractable. In
this paper, singular perturbation theory (SPT) is employed to
decompose the dynamics into separate numerically well-
conditioned subsystems, each of lower order than the original
plant. It has been shown2 that, in the case of full-state feed-
back, application of SPT to the LQ regulator problem directly
separates the controller design into slow and fast sub-
problems. For output feedback, this occurs only for a
restricted class of output structures.3'4 It will be seen that, in
the general case of designing output feedback gains for a
system decomposed via SPT, a single set of gains must
stabilize both subsystems simultaneously.

In systems with many sensors and actuators, the slow and
fast subsystems created through an SPT decomposition ex-
hibit rank deficiency (or near deficiency) in the subsystem in-
put/output structures. Reference 5 describes a two-time scale
output feedback design procedure that exploits input rank
deficiency to separate slow and fast subsystem stabilization
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into two separate tasks. In this paper, combined control and
observation spillover suppression exploits rank deficiency in
both the input and output structures. This broadens the set of
admissible gains for which the slow and fast subsystem designs
can be separated. For brevity, as well as for reasons that will
become transparent shortly, we will refer to this approach as
gain spillover suppression (GAS). A numerical example will il-
lustrate the design procedure.

Problem Statement
Consider the system

x1=A11x1+A12x2+BIu

ex2 =A2JXj + A22x2+B2u

with output

(D

(2)

(3)

where 0<€«1 and A22 is assumed invertible. The control
takes the form

u= -Gy (4)

Because of the slow and fast dynamics in Eqs. (1) and (2), a
simplified plant model is obtained by setting e = 0 in Eq. (2),
resulting in the low frequency model,

x=A0x + B0u

y = C0x + D0u

(5)

(6)

A0 =An -A12Aj2
1A21 B0=B1 -A12A22

1B2

— (~* _("** A~l A D — f~^ A — 1 J) C~l\
Q — ̂ i ^2^22^21 Uf) — ~~^2^22 &2 (')

Note the presence of control feedthrough in Eq. (6). Sub-
stituting Eq. (6) into Eq. (4) results in

(8)

3 (9)
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so that Eq. (8) is the equivalent feedback control for the re-
duced system. Because of the pesence of the inverse in Eq. (9),
we consider only G, such that

p(I+GD0)=m (10)

It is shown in Ref. 6 that the class of gains satisfying Eq. (10)
includes all of the bounded G that stabilize the system of Eqs.
(1-4). In order to calculate the feedback gain matrix for Eqs.
(1-4) based on the low-frequency model of Eqs. (5) and (8),
one designs G° and then inverts Eq. (9) to obtain

= G°(I-D0G°) (1-D

for implementation. The inverse in Eq. (11) exists if Eq. (10)
holds, in which case G and G° are locally one-to-one.6 This
assures that the design problem is well defined.

The following lemma, proved in Ref. 7, describes an impor-
tant eigenvalue property that can be used to relate the closed-
loop stability of the full- and reduced-order sytems.

Lemma 1: Consider the system

vJ=TJv1+T2v2

ev2=T3Vj+T4v2

(12)

(13)

where T4 is nonsingular. As e-*0, the spectrum of Eqs. (12)
and (13) is given by

r — r —r r-^r f\s\1 0~L 1 L 21 4 L 3 V1-*/

It has been shown8 that, for the closed-loop system of Eqs.
(1-4),

TO=AO-BOG°CO (16)
I\=,422-£2GC2 (17)

so that a direct consequence of this lemma is that, if G satisfies

(A0-B0G0C0) isHurwitz (18)

(A22-B2GC2) isHurwitz (19)

subject to Eq. (9), then G will stabilize the full-order system of
Eqs. (1-4) for sufficiently small e. The control designer's task,
then, is to design G based on Eqs. (16), (17), and (9).

Stabilization with Gain Spillover Suppression
In this section, conditions are given for using GSS to

separate the design of G into a two-step process. One gain
matrix, G7, is designed so as to satisfy Eq. (18) without
disturbing the eigenstructure of Eq. (17). The other, G2, is
designed to satisfy Eq. (19) without affecting Eq. (16). The im-
plemented gain takes the form

G /-v - /~^ /o/"v\= G7 + G2 (20)

It will be shown that this particular ordering of the design
steps is necessary and that it does not impose any additional
restriction on the implemented gain.

Suppose that A22 is "sufficiently" stable. In this case, let
G2 = 0, so that G = G7 in Eq. (20). In order to avoid gain
spillover into the fast dynamics, we require

B2G1C2 = (21)

The following lemma provides an easily enforced constraint
for satisfying Eq. (21). This lemma and lemmas 3 and 4 are
proved) in the Appendix.

Lemma 2: Equation (21) holds if

where

(22)

(23)

Moreover, if Eq. (22) holds, then the inverse in Eq. (23) exists
and is given by

(24)

The slow subsystem design thus consists of satisfying Eqs. (18)
and (22), where G° = GJ in Eq. (18). Once a satisfactory G] is
obtained, G7 is calculated using

G1=G0
1(I-D0G1)-1=G°1(I+D0G°1) (25)

The second of Eq. (25) can easily be verified from Eq. (22) and
the form of D0 in Eq. (7). Also, note from Eq. (24) and the
form of D0 that, if one exploits only the rank deficiency in the
fast subsystem input matrix—that is, if one insists that

B2G°^0 (26)

then G° = G7, so that G7 may be directly designed to stabilize
A0 —B0GjC0 subject to the control spillover constraint of Eq.
(26).

Now, suppose that the fast dynamics require improvement.
In this case, G2 is designed to stabilize the fast dynamics
without spilling over into the slow dynamics. The design
criteria are

- B2 G2 C2 ) is Hurwitz (27)

(28)

where the spillover condition [Eq. (28)] is obtained from Eqs.
(9), (18), and (20). One immediately notes that, if D0 = 0, Eq.
(28) reduces to a form that mirrors the slow subsystem GSS
condition,

B0G2C0 = (29)

The following Lemma provides a necessary and sufficient con-
dition on G2 for satisfaction of Eq. (28).

Lemma 3: Equation (28) holds if

B0(I-G1D0)G2(I-D0G1)C0 = (30)

Despite the fact that Eq. (30) is dependent on G7, the slow
subsystem gain has no effect on the fast subsystem dynamics.

Lemma 4: Given that G7 satisfies Eq. (21) and G2 satisfies
Eq. (30),, B2G2C2 is not a function of G/.

Lemma 4 implies that no flexibility is lost by adopting a
two-step design procedure in which G7 is treated as a constant
during the design of G2 satisfying Eq. (30). Furthermore, it is
shown in the proof of Lemma 4 that we have the following
decomposition

G2=NBo+NCg

where

(31)

(32)

Thus, the freedom in selecting G2 depends only on the rank
deficiency in the reduced system input and output matrices.
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On the basis of the preceding development, the following
theorem is stated:

Theorem: Let G° be an asymptotically stabilizing feedback
gain for the reduced system {A0,B0,C0} that satisfies the GSS
constraint of Eq. (22), Let G2 be an asymptotically stabilizing
feedback gain for the fast subsystem IA22,B2,C2} satisfying
the GSS constraint of Eq. (30). Then

= G°1(I+D0G°1)+G2 (33)

stabilizes the full-order system of Eqs. (1-4) for sufficiently
small e.

Moreover, the closed-loop spectrum will be

\i[(A0-B0G0
1C0)-^0(e)] •i = l,...,n1

\i[(A22-B2G2C2) + 0 ( e ) ] / e i = nj + l,...,n

An easily implemented approach to enforcing the GSS condi-
tions [Eqs. (22) and (30)] is developed in the next section.

LQ Design Procedure
In this section, LQ optimal control theory is applied to the

problem of determining the G that stabilizes the matrix

A=A-BGC

subject to the constraint
MGP =

(34)

(35)

which corresponds to the general form of the conditions stated
in the theorem. Under the assumption that a solution exists,
this is done by defining the performance index

J0 =EXQ f f °°xTQx+ uTRudt\ + v\\MGP\\2 (36)

for the dynamics

x=Ax+Bu x(0)=x0

u = -GCx

(37)

(38)

In Eq. (36), Q = TTT such that [T,A} is detectable and R>0.
The notation EXQ {-} denotes expectation with respect to the
random initial state x0 where, for simplicity, it is assumed that
x0 is uniformly distributed on the unit sphere, so that
E[x0Xo] =/. The notation II • II denotes the inner matrix norm

\\w\\2 =tr{wTw)

and v> is chosen sufficiently large that IIMGPII^O.
Following Ref. 9, the Lagrangian is written,

(39)

d£/8G = 0 8£/dK

+ tr(S(G,K)LT}+AMGPVt2 (40)

(41)

(42)

The first-order necessary conditions for optimality are

= 0 d£/8L = 0

where the * indicate that the gradients are evaluated at the op-
timal values of G, K and L. The * notation is henceforth sup-
pressed, since the gradients are assumed evaluated at their op-
timal values unless specified otherwise. Expanding the gra-

dients in Eq. (42), we have

- BTKLCT

S(G,K)=0

(43)

(44)

(45)

These necessary conditions can be solved by using the
algorithm described below. This algorithm satisfies the suffi-
cient conditions for numerical convergence given in Ref. 10, is
simple to implement, and has demonstrated a "fast" rate of
convergence in practice.

0) Choose any G rendering A Hurwitz. Set i' = 0 and
G = GCC+.

1) Solve Eqs. (42) and (43) for L\ Kl.
2) On the basis of Eq. (39), evaluate

AG< = £-' [BTKiLiCT-vMTMGiPPT] (CL1CT) + -Gf (46)

3) Set

where ae (0,1] is chosen to ensure that

(47)

(48)

4) Set / = /+ 1 and go to step 1.
Notes:

a) In Eq. (46) and step 0, ( • ) + denotes the pseudoinverse.
In the case where p(C)=pf (CLCT)+ = (CLCT) ~ 7 ;
however, this is not generally the case. Using the
characteristics of the pseudoinverse, it can be shown that the
columns of the transposed incremental gain (AG')r will
always lie wholly in im {CT). Because of this fact, the
algorithm satisfies the requirements in Ref. 10 for guarantee-
ing convergence.

b) A simple means of supplying an initial stabilizing gain
for step 0 is given in Ref. 11.

c) Since the design is carried out separately for the reduced
and fast subsystem models, convergence is not adversely af-
fected by small values of e.

d) The potentially destabilizing effect of gain spillover can
be reduced to any desired degree by choosing v sufficiently
large, so long as the conditions of the theorem are met.

Numerical Example
Figure 1 illustrates a large flexible space structure used to

test the LQ design procedure. Data for this system came from

370 BY 200 FT
PLATFORM

PITCH & ROLL
ACTUATOR/SENSOR
AT

YAWi

Fig. 1 Flexible space structure.
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Ref. 12. For design purposes, a four-mode model was used,

11
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In this system, the third and fourth modes are approximately
five times faster than the first and second modes. When
describing the system in the form of Eqs. (1) and (2), one
would naturally choose e= 1/5 and calculate A22 and B2 ac-
cordingly. It should be noted, however, that the solution is in-
dependent of e. In the reduced-order model D0 = 0 and, in the
absence of control feedthrough, the GSS constraint for the
fast subsystem reduces to the form of Eq. (29).

The penalty weights employed in the slow and fast sub-
system designs were:

0,0.065, 0,0.065], R0=I

= diag[0,1.3,0,1.0], R2=I

.000

Fig. 3 Slow subsystem design.
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Fig. 2 Closed-loop eigenvalues without spillover suppression. Fig. 4 Fast subsystem design.
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Fig. 5 Closed-loop eigenvalues with spillover suppression.

Figure 2 shows the upper half-plane closed-loop eigenvalues
due to G formed from optimal subsystem designs without GSS
(j,0 = z;2=:0). The intended closed-loop eigenvalues for slow
and fast subsystems are also shown. Note that the gain
spillover distorts the response of the full-order system, tending
to destabilize two of the modes. Figures 3 and 4 show the
variation of integral quadratic performance and spillover
penalty for the slow and fast subsystems, respectively. Figure
5 shows the upper half-plane closed-loop eigenvalues for the
gain resulting from choosing v0 = 10 and v2 = 0.001 for design
values. The degradation in integral quadratic cost due to the
constraint of GSS for the slow subsystem was less than 1.8%.
The degradation in the fast subsystem was negligible. The dif-
ference between the subsystem eigenvalues and the full-system
eigenvalues is a consequence of the two-time-scale design
based on reduced-order models. In general, this will depend
on the relative speeds of the open-loop subsystems, for which
the parameter e simply acts as a measure.

Conclusion
Although the two-time scale constant-gain output feedback

problem does not naturally decompose into separate slow and
fast subproblems, it has been shown that such a separation can
be made if the subsystems possess rank deficiency or near-
rank deficiency in their input/output structures. This was
done by exploiting the notion of two-way control and observa-
tion spillover suppression. Necessary and sufficient conditions
were stated for enforcing these constraints and a linear-
quadratic design procedure was described. The theory was ap-
plied in a numerical example.

Proof of Lemma 2
Given that

Appendix

B2GIC2 =

and recalling that

D0=-C2A22
JB2

one easily verifies that

(Al)

(A2)

(A3)

The converse is shown by using Eq. (25),

£2G7C2 =B2G*(I+D0G°i)C2 (A5)

By Eq. (22), the right side of Eq. (A5) is zero, completing the
proof.

Proof of Lemma 3
It was shown in Ref. 5 that, given ihaiA22 is invertible, then

(/+ GD0) is invertible for all G2 stabilizing the fast dynamics.
Employing a standard matrix identity,

(A6)(I+D0G2)-1=I-D0(I+G2D0)-1G2

so that (I+D0G2)~1 exists and applying the same identity to
the inverse in the left side of Eq. (28), along with Eqs. (A1-A3)
leads to

(A7)

Thus, the left side of Eq. (28) can be expressed as

[I-G2(I+D0G2)-1D0] (G, + G2)C0 (A8)

so that Eq. (28) becomes

B0(I-GjD0)G2[I- (I+D0G2r1D0(G1 + G2)]C0 = 0 (A9)

After some algebra, Eq. (A9) yields

B0(I-G1D0)G2(I+D0G2)-](I-D0GJ)C0 = 0 (A10)

It is easy to verify that

1G2 (All)

(A12)

This implies that

ker {G2 (I+D0G2) ~ 1 } = ker {G2}

which implies that Eq. (A 10) holds if Eq. (3) is true.

Proof of Lemma 4
A matrix N satisfying

can be written

where

In Eq. (30),

MNP = 0

N=Nm+Np

MNm=0 and

P=(I-D0G1)C0

so that

G2-(I+G1D0)NBo

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

Now, using Eqs. (23), (Al), and (A3),

where (I+D0Gj) = (I-DoGj)'1. Because of Eqs. (Al) and
(A2), when G2 from Eq. (A 18) is substituted into B2G2C2, G7
cancels so that

(A4) B2G2C2=B2(NBQ+NCo)C2 (A19)
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